An e-star is a complete bipartite graph K 1,e . An e-star system of order n > 1, S e (n), is a partition of the edges of the complete graph K n into e-stars. An e-star system is said to be k-colourable if its vertex set can be partitioned into k sets (called colour classes) such that no e-star is monochromatic. The system S e (n) is k-chromatic if S e (n) is k-colourable but is not (k − 1)-colourable. If every k-colouring of an e-star system can be obtained from some k-colouring φ by a permutation of the colours, we say that the system is uniquely k-colourable. In this paper, we first show that for any integer k 2, there exists a k-chromatic 3-star system of order n for all sufficiently large admissible n. Next, we generalize this result for e-star systems for any e 3. We show that for all k 2 and e 3, there exists a k-chromatic e-star system of order n for all sufficiently large n such that n ≡ 0, 1 (mod 2e). Finally, we prove that for all k 2 and e 3, there exists a uniquely k-chromatic e-star system of order n for all sufficiently large n such that n ≡ 0, 1 (mod 2e).
Introduction
A G-decomposition of a graph H is a pair (V, B) where V is the set of vertices of K and B is a set of subgraphs of K, each isomorphic to G, whose edge sets partition the edge set of K. A G-design of order n is a G-decomposition of the complete graph K n on n vertices. A complete graph is a simple graph in which every pair of distinct vertices is connected by a unique edge. A G-design (V, B) is said to be weakly k-colourable if its vertex set can be partitioned into k sets (called colour classes) such that no subgraph belonging to B is monochromatic. The G-design is k-chromatic if it is k-colourable but is not (k − 1)-colourable. If a G-design is k-chromatic, we say that its chromatic number is k. A colouring of a G-design is said to be equitable if the cardinalities of the colour classes differ by at most one. It is strongly equitable if the colour classes are of the same size. A G-design will be called (strongly) equitably k-chromatic if it is B is the set of blocks. Without loss of generality, if 3t is odd, we can let R = {1, 3, 5, . . . , 3t}, Y = {2, 4, 6, . . . , 3t − 1} and if 3t is even, R = {1, 3, 5, . . . , 3t − 1}, Y = {2, 4, 6, . . . , 3t}.
Next, we construct an equitably 2-chromatic 3-star system S 3 (3t+1), ( ✷
We now show how to construct a k-chromatic 3-star system from a smaller k-chromatic 3-star system.
Theorem 2.2 Let k 2. If there exists a k-chromatic 3-star system of order n 0 , then there exists a k-chromatic 3-star system of order n for all admissible n > n 0 .
Proof. Suppose that there exists a k-chromatic 3-star system of order n 0 , (V, B), where V = {1, . . . , n 0 } is the set of points and B is the set of blocks. Given a k-colouring of (V, B) with colours 1, 2, . . . , k and colour classes C 1 , C 2 , . . . , C k , let R = ℓ i=1 C i and Y = k i=ℓ+1 C i for some integer ℓ such that 1 ℓ < k. Let r 1 , r 2 , . . . , r |R| be the elements of R and y 1 , y 2 , . . . , y |Y | be the elements of Y . Observe that R and Y form a partition of V . Without loss of generality assume that |R| |Y |.
Case 1. Suppose that n 0 ≡ 0 (mod 3). Then n 0 = 3t, t 2.
First, we construct a k-chromatic S 3 (3t + 1), (V ,B), from (V, B). LetV = V ∪ {3t + 1}.
If |R| = |Y |, letB = B ∪ T where T is the set {3t + 1; r 1 , r 2 , y 1 }, {3t + 1; y 2 , y 3 , r 3 }, . . . , {3t + 1; r |R|−2 , r |R|−1 , y |Y |−2 }, {3t + 1; y |Y |−1 , y |Y | , r |R| } .
Otherwise, |R| > |Y |. If |Y | is even then let m = |Y | 2 andB = B ∪ T where T is the set {3t + 1; y 1 , y 2 , r 1 }, . . . , {3t + 1; y |Y |−1 , y |Y | , r m }, {3t + 1; r m+1 , r m+2 , r m+3 }, . . . , {3t + 1; r |R|−2 , r |R|−1 , r |R| } . If |Y | is odd then let m = |Y |+3 2 andB = B ∪ T where T is the set {3t + 1; y 1 , y 2 , r 1 }, . . . , {3t+1; y |Y |−2 , y |Y |−1 , r m−2 }, {3t+1; y |Y | , r m−1 , r m }, {3t+1; r m+1 , r m+2 , r m+3 }, . . . , {3t + 1; r |R|−2 , r |R|−1 , r |R| } .
Note that (V ,B) is not (k − 1)-colourable because it contains a copy of (V, B). Observe that C 1 , . . . , C k−1 , C k ∪ {3t + 1} are the colour classes of a k-colouring of (V ,B). Therefore, (V ,B) is a k-chromatic 3-star system of order 3t + 1.
Next, we construct a k-chromatic S 3 (3t + 3), (Ṽ ,B), from (V, B). LetṼ = V ∪ {3t + 1, 3t + 2, 3t + 3} and R ′ = R \ {r |R|−2 , r |R|−1 , r |R| }. Note that |R| 3 since n 0 6 and |R| |Y |.
Let T be the set {3t+1; r |R|−2 , r |R|−1 , 3t+2}, {3t+2; r |R|−2 , r |R|−1 , 3t+3}, {3t+3, r |R|−2 , r |R|−1 , 3t + 1}, {r |R| ; 3t + 1, 3t + 2, 3t + 3} .
T i ) where T i is the set {3t + i; r 1 , r 2 , y 1 }, {3t + i; y 2 , y 3 , r 3 },
The edges can be decomposed into 3-stars in a similar manner when |R ′ | > |Y | and |Y | is odd. Note that (Ṽ ,B) is not (k − 1)-colourable because it contains a copy of (V, B). Observe that C 1 , . . . , C k−1 , C k ∪ {3t + 1, 3t + 2, 3t + 3} are the colour classes of a k-colouring of (Ṽ ,B).
Therefore, (Ṽ ,B) is a k-chromatic 3-star system of order 3t + 3.
Case 2. Suppose that n 0 ≡ 1 (mod 3). Then n 0 = 3t+ 1, t 2. We construct a k-chromatic 
The edges can be decomposed into 3-stars in a similar manner when |R ′ | > |Y | and |Y | is odd. 
Note that (V ,B) is not (k − 1)-colourable because it contains a copy of (V, B). Observe that C 1 , . . . , C k−1 , C k ∪ {3t + 2, 3t + 3} are the colour classes of a k-colouring of (V ,B). Therefore, (V ,B) is a k-chromatic 3-star system of order 3t + 3. ✷
We now show how to iteratively construct a k-chromatic 3-star system from a (k − 1)chromatic 3-star system. Theorem 2.3 Let k 3. If there exists a (k − 1)-chromatic 3-star system then there exists a k-chromatic 3-star system.
Proof. Given that there exists a (k − 1)-chromatic 3-star system, then by Theorem 2.2, there exists a (k − 1)-chromatic 3-star system of order n k−1 for some n k−1 ∈ Z such that n k−1 ≡ 0 (mod 3). Let (U 0 , A 0 ) be a (k − 1)-chromatic 3-star system of order n k−1 with colour classes C 1 , . . . , C k−1 such that |C 1 | · · · |C k−1 | and each vertex of C s has colour s, 1 s k−1. For
For a positive integer ℓ that will be fixed later and for each i ∈ {1, . . . , ℓ}, let
Since the edges of the complete graph on the set V admit a decomposition into 3-stars, we let (V, B) be an arbitrary 3-star system of order 2k − 1. We now need to decompose the edges between V and U and the edges between U i and U j , for 1 i < j ℓ into 3-stars such that the resulting 3-star system (V ,B) is k-chromatic. To do so, we will decompose the edges between V and U into 3-stars in a way such that no 3-subset in V is monochromatic in any putative (k − 1)-colouring. Three cases arise. We now begin to decompose the edges between U i and U j for 1 i < j ℓ into 3stars. If |C 1 | is even, then let r = |C1| 2 . Observe that 2r = |C 1 | |C 2 | and so for each p ∈ {1, 2, . . . , |C 1 |} we decompose the edges between c 1 p × {i} and U j into the 3-stars of the set:
and decompose the edges between c 1 p × {i} and U j into the 3-stars of the set:
The edges between (C 2 × {i}) ∪ · · · ∪ (C k−2 × {i}) and U j are decomposed into sets of 3-stars S 2 1 , . . . , S 2 |C2| , . . . , S k−2 1 , . . . , S k−2 |C k−2 | in a similar manner. Next, we decompose the edges between C k−1 × {i} and U j into 3-stars. If |C k−1 | = 2n for some n ∈ Z + , then we let C k = {c k−1 n+1 , . . . , c k−1 |C k−1 | }. If 2n is a multiple of 3, then for each p ∈ {1, 2, . . . , |C k−1 |} we decompose the edges between c k−1 p and U j into the 3-stars of the set:
. If 2n is congruent to 1 modulo 3, then the edges are decomposed into the 3-stars of the set:
, where a and b are distinct vertices of
The edges are decomposed into 3-stars in a similar manner when 2n is congruent to 2 modulo 3. If |C k−1 | = 2n + 1 for some n ∈ Z + , then we let C k = {c k−1 n+1 . . . , c k−1 |C k−1 | } and decompose the edges into 3-stars in a similar manner. Now
) forms a 3-star decomposition of the edges between U i and U j ,
then when attempting to colour V with k − 1 colours, some colour must occur at least thrice within V . Thus, for some j ∈ {1, . . . , t} and some i ∈ {1, . . . , ℓ} and for some s ∈ {1, . . . , k − 1}, the three vertices x i j , y i j and z i j are each coloured with the same colour s. Then the 3-star {u i s ; x i j , y i j , z i j } would be monochromatic and hence (V ,B) cannot be coloured with k − 1 colours. Therefore, (V ,B) is a k-chromatic 3-star system of order n k = (2k − 1) + n k−1 (k − 1)(2k − 3).
is an integer and 2k − 1 and 2k − 3 are not divisible by 2, t must be even. Let t = 2t ′ . Partition the set of all 3-subsets of V into ℓ ′ = (2k − 1)(k − 2) sets of disjoint 3-subsets T 1 , . . . , T ℓ ′ of size t and ℓ ′′ = 2k − 1 sets of disjoint 3-subsets T ℓ ′ +1 , . . . , T ℓ ′ +ℓ ′′ of size t ′ . Such a partition is known to exist by Theorem 1 in [1] . We now fix
The edges between v and U i , 1 i ℓ ′ , are decomposed into 3-stars in a manner similar to the decomposition of the edges between a vertex u ∈ U i and
i be the decomposition of the edges between v and U i into 3-stars,
Then T i is a decomposition of the edges between V and U i , 1 i ℓ ′ , into 3-stars. The edges between V and U i are decomposed into 3-stars T i in a similar manner for ℓ ′ + 1 i ℓ ′ + ℓ ′′ .
The edges between U i and U j , 1 i < j ℓ, are decomposed into sets of 3-stars U i j in a manner similar to Case 1.
. It is seen that (V ,B) is a k-chromatic 3-star system of order n k = (2k − 1) + n k−1 (2k − 1)(k − 1) in a manner similar to Case 1.
Case 3: 2k − 1 ≡ 2 (mod 3). Then 2k = 3t for some t ∈ Z + . The number of 3-subsets of the
exhibit a k-colouring of (V ,B). It is seen that (V ,B) is a k-chromatic 3-star system of order n k = 2k + n k−1 (2k − 1)(k − 1) in a manner similar to Case 1. ✷
We finish this section with the following corollary.
Corollary 2.1 For any integer k 2, there exists some integer n k such that for all admissible n n k , there exists a k-chromatic 3-star system of order n. 
k-colourings of e-star systems
In this section, we generalize the results of the last section for e-star systems for all e 3. For any arbitrary integers e 3 and k 2, we show that there exists some integer n k where n k ≡ 0 (mod 2e) such that for all n n k where n ≡ 0, 1 (mod 2e), there exists a k-chromatic e-star system of order n. We first construct a strongly equitable 2-chromatic e-star system of order 2e
for all e 3. We now show how to construct a k-chromatic e-star system from a smaller k-chromatic e-star system.
Theorem 3.2 Let k 2 and e 3. If there exists a k-chromatic e-star system of order n 0 such that n 0 ≡ 0, 1 (mod 2e), then there exists a k-chromatic e-star system for all n > n 0 such that n ≡ 0, 1 (mod 2e).
Proof. Suppose that there exists a k-chromatic e-star system,
is the set of points and B is the set of blocks and n 0 ≡ 0 or 1 (mod 2e). Given a k-colouring of (V, B), with colours 1, 2, . . . , k and colour classes
C i for some integer ℓ such that 1 ℓ < k. Let r 1 , r 2 , . . . , r |R| be the elements of R and y 1 , y 2 , . . . , y |Y | be the elements of Y . Observe that R and Y form a partition of V . Without loss of generality assume that |R| |Y |.
Case 1. Suppose that n 0 ≡ 0 (mod 2e). Then n 0 = 2et, t 1.
First, we construct a k-chromatic S e (2et + 1),
Note that (V ,B) is not (k − 1)-colourable because it contains a copy of (V, B). Observe that C 1 , . . . , C k−1 , C k ∪ {2et + 1} are the colour classes of a k-colouring of (V ,B). Therefore, (V ,B) is a k-chromatic e-star system of order 2et + 1.
Next, we construct a k-chromatic S e (2et + 2e), (Ṽ ,B), from (V, B). 
. . , C k are the colour classes of a k-colouring of (Ṽ ,B). Therefore, (Ṽ ,B) is a k-chromatic e-star system of order 2et + 2e.
Case 2. Suppose that n 0 ≡ 1 (mod 2e). Then n 0 = 2et + 1, t 1. We construct a k- {v; 2et + 2, . . . , 2et + e + 1} . Let
are the colour classes of a k-colouring of (V ,B). Therefore, (V ,B) is a k-chromatic e-star system of order 2et + 2e. ✷
We now show how to iteratively construct a k-chromatic e-star system from a (k − 1)-chromatic e-star system. Theorem 3.3 Let k 3 and e 3. If there exists a (k − 1)-chromatic e-star system of order n k−1 ≡ 0 (mod 2e) then there exists a k-chromatic e-star system of order n k ≡ 0 (mod 2e).
Proof. Let (U 0 , A 0 ) be a (k − 1)-chromatic e-star system of order n k−1 with colour classes 
into a k-chromatic e-star system (V ,B) whereV = V ∪ U . Let n k = |V | and observe that n k ≡ 0 (mod 2e). By Theorem 3.1 and Theorem 3.2, the edges of the complete graph on the set V admit a decomposition into e-stars which is 2-chromatic. Let (V, B) be a 2-chromatic e-star system on the set V (so (V, B) will not obstruct the k-colouring that we will construct).
We now need to decompose the edges between V and U and the edges between U i and U j , for 1 i < j ℓ into e-stars such that the resulting e-star system (V ,B) is k-chromatic. To do so, we will decompose the edges between V and U into e-stars in a way such that no e-subset in V is monochromatic in any putative (k − 1)-colouring.
The number of e-subsets of the set W is N = (e−1)(k−1)+1 e . Let a = (k − 2) + ⌊ −k+2 e ⌋ and N = aq + r where q is a positive integer and 0 r < a is an integer. Partition the set of all e-subsets of W into q sets of disjoint e-subsets T 1 , . . . , T q of size a and one set of disjoint e-subsets T q+1 of size r. Such a partition is known to exist by Theorem 1 in [1] . We now fix ℓ = q + 1 if
. . , (x e ) i a } , 1 i q and
For each i ∈ {1, 2, . . . , ℓ} and for each w ∈ W i , we decompose the edges between w and U i .
First, we decompose all the edges between w and C 1 × {i} into e-stars. Let 
) is a decomposition of the edges between W and U i into e-stars. The edges between U i and U j , 1 i < j ℓ are decomposed into sets of e-stars U i j in a manner similar to the decomposition of the edges between W i and U i , 1 i ℓ.
We have two cases. 
is an e-star system of order n k = (k − 1)e + n k−1 (q + 1). A k-colouring is given by (
The edges between D and U i , 1 i ℓ are decomposed into sets of e-stars H i in a manner similar to the decomposition of the edges
is an e-star system of order n k = ek + n k−1 (q + 1). A k-colouring is given by (
Since (U i , A i ), 1 i ℓ is a (k − 1)-chromatic e-star system, there are vertices u i 1 , . . . , u i k−1
in U i such that u i s ∈ C s ×{i} for each 1 s k−1. Since |W | = (e−1)(k−1)+1 > (e−1)(k−1) then when attempting to colour W with k − 1 colours, some colour must occur at least e times within W . Thus, for some i ∈ {1, . . . , q} and some j ∈ {1, . . . , a} and for some s ∈ {1, . . . , k −1}, the vertices (x 1 ) i j , (x 2 ) i j , . . . , (x e ) i j are each coloured with the same colour s. Also, for i = q + 1 and some j ∈ {1, . . . , r} and for some s ∈ {1, . . . , k − 1}, the vertices (x 1 ) i j , (x 2 ) i j , . . . , (x e ) i j are each coloured with the same colour s. Then the e-star {u i s ; (x 1 ) i j , (x 2 ) i j , . . . , (x e ) i j } would be monochromatic and hence in either case (V ,B) cannot be coloured with k − 1 colours. ✷
We summarize this section with the following corollary.
Corollary 3.1 For any integers k 2 and e 3, there exists some integer n k where n k ≡ 0 (mod 2e) such that for all admissible n n k where n ≡ 0, 1 (mod 2e), there exists a k-chromatic e-star system of order n.
Proof. Apply Theorem 3.1, Theorem 3.2 and Theorem 3.3. ✷
Unique colourings of e-star systems
We now investigate uniquely k-chromatic e-star systems for any e 3. We commence by showing that such designs do indeed exist for k = 2.
Theorem 4.1 For any e 3, there exists a strongly equitable uniquely 2-chromatic e-star system of order n for some n ≡ 0 (mod 2e).
Proof. let (U 0 , A 0 ) be a strongly equitable 2-chromatic e-star system of order 2e constructed from Theorem 3.1 with colour classes C 1 and C 2 such that each vertex of C s has colour s, for s = 1, 2. For a positive integer ℓ that will be fixed later and for each i ∈ {1, . . . , ℓ}, let
. . , k 2 e } and K = K 1 ∪ K 2 . We construct a uniquely 2-chromatic e-star system (V ,B) 
We need to decompose the edges between the subsets ofV into e-stars such that the resulting e-star system (V ,B) is uniquely 2-chromatic.
First, we decompose the edges between A and U into e-stars in a way such that no e-subset in A other than the e-subsets A 1 and A 2 are monochromatic in any putative 2-colouring of (V ,B). Let D be the set of all e-subsets of A except A 1 and A 2 . The number of e-subsets of the set A is N = 2e e and |D| = N − 2. Let T i , 1 i |D|, be the elements of D.
Partition U 0 into e-subsets E 1 and E 2 such that E j ∩ C 1 = ∅ and E j ∩ C 2 = ∅, j = 1, 2.
For each i ∈ {1, 2, . . . , ℓ} and for each w ∈Ã i , we decompose the edges between w and U i into the set of e-stars R w = Recall that (U i , A i ) is 2-chromatic. So for any 2-colouring of (U i , A i ) there must be a vertex u i s of each colour s in U i , 1 s 2. Note that for each i ∈ {1, . . . , |D|}, {u i s ; T i } ∈ T i and so to ultimately obtain a valid 2-colouring of (V ,B) , the e vertices of T i must not all have colour s, 1 s 2. If a colour s occurs on more than e vertices of A then there exists a T i with only colour s and then {u i s ; T i } would be monochromatic. So in any valid 2-colouring of (V ,B), each colour must occur on exactly e points of A. If the points of colour s are not all in A 1 or A 2 then they are the leaves of a monochromatic e-star with centre u i s . Without loss of generality we therefore assign colour s to all e points of A s , 1 s 2.
We now begin to decompose the edges between A and F into e-stars. For each i ∈ {1, . . . , e},
Since each vertex of A 2 has colour 2 then each vertex of F 1 must have colour 1 or else a monochromatic e-star would now exist. Likewise, each vertex of F 2 must have colour 2. Let
i . We decompose the edges between A i and F i , 1 i 2, later. Decompose the edges between A 1 and G 2 and between A 2 and G 1 into a set of e-stars L in a similar manner, forcing the vertices of the subsets G 1 and G 2 to have colours 1 and 2 respectively. We decompose the edges between A i and G i , 1 i 2, later. Also, decompose the edges between K 1 and G 2 and between K 2 and G 1 into a set of e-stars C in a similar manner, forcing the vertices of the subsets K 1 and K 2 to have colours 1 and 2 respectively. We decompose the edges between K i and G i , 1 i 2, later Next, we decompose the edges between H and F ∪ G. For each i ∈ {1, . . . , e}, let
. . , f 1 e−1 , g 2 1 }, {h 1 i ; f 1 e , g 1 1 , . . . , g 1 e−2 , g 2 2 }, {h 1 i ; g 1 e−1 , g 1 e , g 2 3 , . . . , g 2 e } , and
i . Then E 1 is a decomposition of the edges between H 1 and F ∪ G into e-stars such that all the vertices in H 1 are forced to have colour 1. Decompose the edges between H 2 and F ∪ G into a set of e-stars E 2 in a similar manner, forcing every vertex in H 2 to have unique
i is a decomposition of the edges between A 1 and F 1 ∪G 1 ∪H ∪K into e-stars, none of which is monochromatic. Decompose the edges between A 2 and F 2 ∪ G 2 ∪ H ∪ K into a set of e-stars M 2 in a similar manner. Let
F 1 i is a decomposition of the edges between K 1 and G 1 ∪ F ∪ H into e-stars, none of which is monochromatic. Decompose the edges between K 2 and G 2 ∪ F ∪ H into a set of e-stars F 2 in a similar manner.
Next, for each 1 i ℓ, we decompose the edges between F ∪ G and U i into e-stars.
Let u s 1 , . . . , u s e be the vertices of colour s, 1 s 2, in an equitable 2-colouring of (U 0 , A 0 ). At this point every vertex of V is coloured, and the colouring is unique (up to a permutation of the colours). Moreover, the two colour classes are equal in size and so the colouring is strongly equitable. All that remains is to complete the decomposition without introducing monochromatic e-stars.
For each 1 i e, we begin to decompose the edges between F and G into e-stars. Let
i is a decomposition of the edges between F 1 and G into e-stars, none of which is monochromatic. Decompose the edges between F 2 and G into a set of e-stars Q 2 in a similar manner. Let Q = H i decomposes all of the edges between K and U . The edges between U i and U j , 1 i < j ℓ, are decomposed into set of e-stars U i j in a similar manner. Note that |A| = |F | = |G| = |H| = |K| = 2e and so we let each of (A, A), (F, F), (G, G), (H, H) and (K, K) be an equitable 2-chromatic e-star system on the sets A, F , G, H and K respectively such that the colour classes are in agreement with the colouring that we have forced upon V . B) is an e-star system of order n = 10e + ℓn 0 which is strongly equitable uniquely 2-chromatic. ✷
Observe that each of the cardinalities of the colour classes of the uniquely 2-chromatic e-star systems constructed from Theorem 4.1 is greater than e. We tacitly use this property to construct a uniquely 2-chromatic e-star system from a smaller uniquely 2-chromatic e-star system. B) is a uniquely 2chromatic e-star system of order 2et+2e with colour classes C 1 ∪{2et+3, 2et+5, . . . , 2et+2e−1} and C 2 ∪ {2et + 2, 2et + 4, . . . , 2et + 2e}. ✷
We then obtain the following corollary.
Corollary 4.1 There exists some integer n 0 where n 0 ≡ 0 (mod 2e) such that for all admissible n n 0 where n ≡ 0, 1 (mod 2e), there exists a uniquely 2-chromatic e-star system of order n for any e 3.
Proof. Apply Theorem 4.1 and Theorem 4.
✷
We now show how to construct a strongly equitable k-chromatic e-star system from a strongly equitable uniquely (k − 1)-chromatic e-star system. Theorem 4.3 Let k 3 and e 3. If there exists a strongly equitable uniquely (k − 1)chromatic e-star system of order n k−1 ≡ 0 (mod 2e) with colour classes C 1 , . . . , C k−1 such that |C i | > e, 1 i k − 1, then there exists a strongly equitable k-chromatic e-star system of order n k ≡ 0 (mod 2e).
Proof. Let (U 0 , A 0 ) be a strongly equitable uniquely (k − 1)-chromatic e-star system of order n k−1 with colour classes C 1 , . . . , C k−1 such that n k−1 ≡ 0 (mod 2e), 
U i . We need to decompose the edges between the subsets of V into e-stars such that the resulting e-star system (V, B) is strongly equitably k-chromatic.
First, we decompose the edges between U 1 and U 2 . For each s ∈ {1, . . . , k−1}, let D s = c s 1 × {1}, . . . , c s e ×{1} . Let F s . Then U 1 2 is a decomposition of the edges between U 1 and U 2 into e-stars forcing (U 2 , A 2 ) to have colour classes C 2 2 , C 3 2 , . . . , C k 2 of equal size with no vertex of colour 1, where
. . , k}, decompose the edges between U 1 and U i into a set of e-stars U 1 i in a similar manner forcing (U i , A i ) to have colour classes Then U 2 j is a decomposition of the edges between U 2 and U j into e-stars such that no e-star is monochromatic. For each 3 i < j k, decompose the edges between U i and U j into a set of e-stars U i j in a similar manner. Then (V, B) is a strongly equitable k-chromatic e-star system of order n k = kn k−1 with colour classes C 1
We now show how to construct a strongly equitable uniquely k-chromatic e-star system from a strongly equitable k-chromatic e-star system.
Theorem 4.4 Let k 3 and e 3. If there exists a strongly equitable k-chromatic e-star system of order n 0 ≡ 0 (mod 2e), then there exists a strongly equitable uniquely k-chromatic e-star system of order n for some n ≡ 0 (mod 2e).
Proof. Let (U 0 , A 0 ) be a strongly equitable k-chromatic e-star system of order n 0 ≡ 0 (mod 2e) with colour classes C 1 , . . . , C k such that each vertex of C s has colour s, for s = 1, . . . , k.
For a positive integer ℓ that will be fixed later and for each i ∈ {1, . . . , ℓ}, let U i = U 0 × {i} We need to decompose the edges between the subsets ofV into e-stars such that the resulting e-star system (V ,B) is uniquely k-chromatic.
First, we decompose the edges between A and U into e-stars in a way such that no e-subset in A other than the e-subsets A 1 , . . . , A k are monochromatic in any putative k-colouring of (V ,B).
Let D be the set of all e-subsets of A except A 1 , . . . , A k . The number of e-subsets of the set A is N = ke e and |D| = N − k. Let a = k − 1 and |D| = aq + r where q is a nonnegative integer and 0 r < a is an integer. Partition set D into q sets of disjoint e-subsets T 1 , . . . , T q of size a and one set of disjoint e-subsets T q+1 of size r; such a partition is known to exist by Theorem 1 Recall that (U i , A i ) is k-chromatic. So for any k-colouring of (U i , A i ) there must be a vertex K k i . We decompose the edges between A i and F i , 1 i k, later. For each j ∈ {1, . . . , k}, decompose the edges between A j and G 1 ∪ · · · ∪ G j−1 ∪ G j+1 ∪ · · · ∪ G k into a set of e-stars L j in a similar manner, forcing the vertices of the subsets G 1 , . . . , G k to have colours 1, . . . , k respectively. Let L = k j=1 L j . We decompose the edges between A i and G i , 1 i k, later.
Next, we decompose the edges between H and F ∪ G. are in agreement with the colouring that we have forced uponV .
